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Abstract-The patch formation mode1 of Del Grosso. Gerardi and Marchetti[l] is reformulated 
as an eigenlength problem. The latter is then solved numerically by using recent results of 
Elder[2,3]. in which the method of invariant imbedding is extended to linear problems having a 
singularity of the first kind. The results agree very well with those previously obtained[4] for the 
eigenvalue problem by means of the Frobenius series, Sturmian theory, and a certain monotone 
iteration. 
Del Grosso, Gerardi and Marchetti[l] recently obtained estimates for the dominant 
eigenvalue of a certain singular second-order differential operator arising from a diffusion 
model for patch formation on a spherical cellular membrane. From the applications 
viewpoint, it seems equally reasonable to consider the first eigenlength (or critical length) 
problem for this differential operator. In this brief note we show how recent results of 
Elder[2,3] can be applied to permit numerical determination of this first eigenlength by 
means of the method of invariant imbedding. 
The eigenvalue problem of [l, 41 can be written (by using a substitution z = 1 - cos 0) 
as 
d 
iii 
[(2z -z*):] + ix= 0, (14 
f(0) bounded, f(z,,) = 0, (lb) 
where z, = 1 - cos 8,, and 8, is the polar angle defined by the boundary of the patch. For 
given 8,,, i, is asymptotically the characteristic decay rate of the underlying diffusion 
process, with absorption at the boundary z = z, (or 8 = 0,). Conversely, for given i., the 
smallest z0 such that (1) has a nontrivial solution will describe the location of the absorbing 
boundary required to yield the asymptotic decay rate i,. It is the latter “eigenlength” 
problem that we study. 
The results of Refs. [2] and [3] ( see also [5,6]) show that the desired z0 is the right-hand 
endpoint of the maximal interval of existence of the solution of the initial-value problem 
ds i,-s s2 
z=;-2-;* 
s(0) = 0. 
(2a) 
(2b) 
The numerical procedure thus suggested is a generalization (to singular problems) of the 
well-known [7.8] “integration-to-blow-up” algorithm for determination of the smallest 
eigenlength of a nonsingular linear differential operator; it was successfully applied in [2, 31 
to a variety of problems. However, for present purposes we have chosen to use the 
switching procedure of Scott [9. lo]. Thus z0 was determined as the first zero of the solution 
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*The actual values of ’ used agreed to seven digits with the results reported in 
[41. 
b 
When the computed upper bound for 13~ exceeded r, the upper bound for z. - l-ccs~?~ 
was taken as 2.0. 
of 
dr 
dz 
= 
Ar(r - 1) 
z-2 
rh) = l/s(zJ, (3b) 
+f, W 
where z, is an arbitrary point satisfying 0 < z0 < z,. 
The numerical results are displayed in Table 1. All calculations were effected in double 
precision on a National Advanced Systems AS/6. Numerical integration of initial-value 
problems was performed by means of a double-precision version of the 
Runge-Kutta-Fehlberg code RKF of Shampine and Allen[l 11, with an absolute error 
tolerance of lo-‘. The switching point (i.e. zl in (3)) was determined by the first indication 
from RKF of limiting precision from small step-size in the integration of (2). Integration 
of (3) then continued until a sign change in r, following which the method of bisection 
was used to obtain successively better approximations to z,, until the desired accuracy of 
lo-’ was obtained. 
Our computational results are presented in Table 1. The tabulated values of q, as 
computed by invariant imbedding, are terminated at the first of eight significant figures 
or the first digit of disagreement with the value obtained in [4]. Note that. for all values 
of II, the values of z, computed by the present invariant imbedding approach agree to 
within at least lo-’ with the results of [4]. We also report the bounds for z0 that follow 
from the results of Del Gross0 et al. [l] and of Pinsky[l2]. The results of this table would 
seem partially to accomplish a desideratum indicated by Del Gross0 et al. in suggesting 
([l], p. 131) that the significance of their bounds needs to be checked against both 
experimental data and numerical simulations. The upper bound of Pinsky is inferior to 
that of Del Gross0 et al. for large A(& +O), but it becomes superior as i, decreases (&-+rc). 
The latter result agrees with the analysis of Pinsky (p. 137 of [l 11). The lower bound (on 
z,,) of Del Gross0 et al. seems superior for most values of i.; however, for sufficiently small 
L(H,-*n), the lower bound of Pinsky is best. Neither of the lower bounds on z,, seems very 
satisfactory over the range of values of i, considered in Table I. although Pinsky ([l 11. p. 
139) indicates that both are sharp in the limit i. +r/_. 
In conclusion, we note that if one should modify the original model of Del Gross0 et 
ul. [ 11, by accounting for the change of antigen ligands concentration caused by binding 
to receptors, then one is likely to be led to a model consisting of a free boundary problem. 
Meyer[l3] has shown that invariant imbedding. in conjunction with the method of lines, 
provides a powerful tool for attacking such problems. 
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